The microwave permeability of composites made of ferrite particles in a non-magnetic matrix is a!ected by particle shape and size. To account for the second e!ect, we have developed a micromagnetic model for calculating the microwave polarizability of a particle with non-uniform magnetization. This model is described in detail: a generalized demagnetizing operator associated with the equilibrium magnetic con"guration inside the particle is introduced; the polarizability is de"ned as the perturbation of this con"guration by the external magnetic excitation; the permeability of a macroscopic sample is calculated using a space averaging procedure. The numerical methods are introduced and results for two systems are discussed: domain modes in thin "lms and ferrite composites with planar anisotropy.
Introduction
Microwave permeability spectra in zero-"eld of soft ferrimagnets re#ect the magnetic domain structure of the material through wall relaxation and high frequency losses above the gyromagnetic resonance [1] . Models considering the response of an in"nite domain arrangement lead to a quantitative interpretation of the high frequency spectrum for ceramics [2, 3] and "lms [4] .
However, "nite size e!ects frequently occur in magnetic materials and modify greatly the microwave response. This is the case in ceramics with the grain size dependence of wall relaxation [5] . Another "nite size e!ect is observed in composites made of magnetic particles in a non-magnetic matrix: the intrinsic susceptibility of the material in particulate form is di!erent from that in ceramic form and varies with particle size [6] . Interpretation of these e!ects requires the introduction of the material's microstructure. In ceramics, a speci"c dynamics for domain walls in which the grain size is introduced [5] is considered. In composites, the particle size a!ects the magnetic con"guration inside the particles due to the exchange interaction. This is the reason why small sized particles have a non-zero remanent magnetization: the magnetic interaction between these A particle size dependence of the permeability is observed on composites made of conducting particles at frequencies where the skin depth (&1 m for a metal in the microwave range) is of the order of particle size. Although contributing to the magnetic polarizability, this electrical screening e!ect is not directly related to the magnetic con"guration inside the particles. We deal here with insulating particles. monodomain particles produces an aggregate morphology of the powder; this speci"c morphology changes the microwave response of "ne powders compared to polydomain particles with zero remanent magnetization.
The quantitative interpretation of the particle size e!ect in composites requires the description of how this parameter a!ects the magnetic con"guration inside the composite. Calculating magnetic con"gurations involves the Landau}Lifshitz equation for magnetization dynamics: it is called micromagnetics and is done numerically most of the time [7] . Micromagnetics is used to investigate both static and dynamic properties such as magnetization reversal in particles [8] , remanence in nanocomposite magnets [9] and motion of domain walls in garnet "lms [10] . The magnetic con"guration is de"ned at an intermediate lengthscale (0.01 m), between macroscopic (sample size) and microscopic (atomic) lengthscales.
A micromagnetic model for composites microwave permeability was "rst developed in the case of monodomain particles (of size of the order of 0.01 m): the intermediate lengthscale in this case is the particle size and the magnetization is discrete, each particle carrying a magnetic moment of given amplitude. In an aggregate with a given morphology, the relative orientation of the particle's moments depends on the magnetocrystalline anisotropy of individual particles and on the magnetic dipolar interaction between particles. Considering di!erent aggregate morphologies, we were able to account for the permeability spectra measured on di!erent iron composites [11, 12] .
In this paper, we turn to composites made of insulating polydomain particles (a few micrometers in size, with a non-uniform magnetization): at the micromagnetic lengthscale of 0.01 m, magnetization inside one particle is continuous and its con"guration depends on the magnetocrystalline anisotropy, demagnetizing "eld and exchange interaction in the "nite three-dimensional volume of the particle. This kind of numerical simulation requires a careful space discretization of the demagnetizing "eld inside one particle (dipolar interactions in a continuous medium) and appropriate numerical methods [13, 14] . The aim of this paper is to make a general presentation of the model and show how it can account for particle size e!ects.
In Section 1, the concepts and notations are introduced by presenting the conventional model for calculating a composite's permeability in the low concentration regime. The micromagnetic model, relying on the de"nition of a particle's polarizability, is presented in Section 3. In Section 4, results of preliminary simulations using speci"c numerical methods are presented in two special cases: "nite portions of thin "lms featuring domain modes and ferrite particles with planar anisotropy.
Conventional model
In the microwave range (100 MHz}10 GHz), the permittivity and permeability are de"ned for a homogeneous composite sample, with a microstructure lengthscale (particle size:(100 m) small compared to the wavelength of the material (of the order of 1}10\ m for insulating particles). The propagating electromagnetic wave acts as both electric and magnetic harmonic excitations, producing electric and magnetic responses. At the micromagnetic lengthscale of 0.01 m, the excitations are independent of each other (quasi-stationary approximation). It is supposed that the magnetic material's response to these two excitations can be decomposed into two independent components: one related to the electric "eld and given by electrostatics; the other to the magnetic "eld and given by magnetostatics.
The permeability is related to the induced microscopic magnetic moments. Let H be the external magnetic excitation seen by a given particle and p, the magnetic moment induced in that particle by H . The particle's polarizability is then de"ned by
where < is the particle's volume. Inside this particle, p builds up from the induced magnetization density M due to the material's susceptibility to the internal excitation H:
H obeys the equations of magnetostatics:
where B is the magnetic "eld and , the permeability in vacuum. In the case of a spherical particle of uniform susceptibility surrounded by vacuum, these equations give a uniform M and H inside the particle [15] :
Since M is uniform, p"M< and the polarizability is given by
where is the sphere's demagnetizing factor. Outside the particle, M"0 (non-magnetic matrix). The SI units for M, H and H are A m\; p is in A m; and are dimensionless; is in H m\ (in vacuum, "4 ;10\ H m\). Complex particle shapes (e.g. rectangular prism) can be approximated by an ellipsoid. The polarizability along one principal axis of an ellipsoid is given by
where +N I , (k"x, y, z) are the demagnetizing factors. This formula can be extended to arbitrary shapes considering N I as e!ective demagnetizing factors, "xed by the particle's aspect ratio. Thus, depends on both particle shape (N I ) and intrinsic material properties ( ). Since the equations of magnetostatics involve no time derivative, formula (7) holds for a harmonic excitation: and are then complex numbers. The induced moment inside the particle generates a multipolar "eld (purely dipolar in the case of a sphere) outside the particle which in#uences neighboring particles inside the composite.
These interactions between particles can be represented by a modi"cation of the external excitation seen by a given particle (mean "eld approximation). H is then de"ned as the magnetic excitation at the microscopic scale that would exist in the composite if that particle were absent: it is generated by the electromagnetic wave and all the other particles. At su$ciently low concentration, the "eld generated by the other particles can be neglected; H is then the truly external harmonic excitation, produced by the electromagnetic wave alone. Due to the quasi-stationary approximation, this excitation is uniform at the lengthscale of particle size. Averaging M over a large volume compared to particle size yields the average permeability of the composite (valid in the low concentration regime):
where C is the volume fraction of particles (0(C(1). Formula (8) is in fact valid in a large concentration range. Experiment and theoretical arguments based on the e!ective medium theory [16] give the low concentration regime at C(30%. In the case of polydomain particles, this can be understood from the low remanent magnetic moment of each particle: particle interactions are weak and the composite's permeability is dominated by the polarizability of individual particles. For concentrations up to 30%, the composites permeability spectrum is simply proportional to C and gives the particles average polarizability spectrum.
Micromagnetic model
The above conventional model can account for particle shape e!ects through dimensionless demagnetizing factors as in Eq. (7). In this model, As a "rst approximation, we ignore anisotropy orders higher than 2 (uniaxial, hexagonal or cubic) which lead to a nonlinear relation between H and M.
particle size e!ects can only be introduced through . If re#ects the magnetic con"guration inside a particle according to its size, it is not representative of the in"nite material anymore, as postulated originally in the conventional model. The argument can still be made valid by considering the macroscopic susceptibility of the composite for an arbitrarily chosen domain structure inside the particles. However, the particle size still does not appear explicitly. The in#uence of this parameter can be made explicit by calculating the magnetic con"guration inside a particle of given shape and size and by de"ning its polarizability: it is a micromagnetic model. In this model, a polydomain particle is seen as a three-dimensional, bounded magnetic medium of homogeneous composition, surrounded by vacuum. The magnetic con"guration is de"ned in the entire space, denoted by R, with the following constraint:
where M 1 (¹) is the non-vanishing thermodynamic saturation magnetization at temperature ¹ for the given composition. For a small amplitude electromagnetic wave, the particle's response to H is seen as the perturbation of an equilibrium con"guration +M
,. Due to the magnetic moments dynamics (see Eq. (20) 
, must satisfy at all points:
where H is the excitation inside the particle in the absence of H . As expressed by Eq. (5) in the case of a demagnetized particle with uniform susceptibility , the perturbation of +M , produced by H de"nes the particle's polarizability . Thus, the micromagnetic model is applied by performing a two steps calculation: the "rst one yields +M , and the second one + M,; the perturbations in the vicinity of +M , due to H . In order to calculate the internal micromagnetic excitation H involved in Eq. (10), we introduce the generalized demagnetizing operator.
Generalized demagnetizing operator
The internal excitation H is de"ned from the energy density E(x, t) (in J m\) associated with a given magnetic con"guration +M,:
E involves four contributions giving rise to four terms in H:
H is the external excitation produced by the electromagnetic wave. H is the demagnetizing "eld obeying Eq. (3) as in the conventional model. The two other contributions stem from the ferrimagnetic character of the material. The exchange interaction (responsible for atomic moments alignment from which M builds up in a ferromagnetic medium) is given by
and the magnetocrystalline anisotropy, by:
A is the exchange constant (expressed in J m\), K the quadratic uniaxial anisotropy constant (expressed in J m\) and u, the anisotropy direction (unit vector). Among the three contributions, the demagnetizing one has the peculiarity of being non-local. The general solution for H (x, t) of Eq. (3) is [15] H (x, t)"
H (x, t) is not only determined by M(x, t) but by the entire magnetic con"guration +M,. In the same way, the demagnetizing "eld distribution is noted between braces and linear relation (16) becomes
where N is a linear operator, which we call the demagnetizing operator; !N acts on +M, and yields the demagnetizing "eld +H , in the entire volume (even outside). Its eigenvalues are between 0 and 1: thus !N is negative [17] . Similarly, the two operators acting on +M, and giving +H , and +H , as de"ned by Eqs. (14) and (15) are also negative linear operators. Introducing the generalized demagnetizing operator N I , expression (13) can be written as
where +H, is the total (in general non-uniform) internal excitation and +H ,, the external excitation, uniform over . This expression generalizes Eq. (4). In the special case of a demagnetized sphere with uniform susceptibility, without exchange and anisotropy, N I reduces to N and is diagonal (multiplication by ). The generalized demagnetizing operator N I allows an operational de"nition of the equilibrium con"guration +M ,. H being treated as a perturbation of +M ,, expression (10) becomes:
The fact that the solution to this equation is not unique accounts for the dependence +M , with history (hysterisis phenomena) or, in numerical simulations, with the chosen initial con"guration +M G ,.
Micromagnetic polarizability
The time evolution of the magnetic con"guration +M, is given by the Landau}Lifshitz equations:
where "!1.7;10 SI is the gyromagnetic ratio of the free electron and ** , a dimensionless damping parameter. Introducing the set of reduced quantities
Using the generalized demagnetizing operator introduced above, Eq. (20) 
we get:
where D and D are linear operators de"ned by
For a harmonic excitation h e , linear Eq. (24) yields a harmonic response me ( being the reduced angular frequency). Introducing , the unitary vector along h (+ , uniform), the response con"guration + ,, generally non-uniform and nonunitary, is the solution of the following linear system:
The total magnetic moment induced in the particle by h is
where the sum over yields a vector in the threedimensional space, generally non-collinear to . Thus, the polarizability must be de"ned as a 3;3 tensor, giving the component in the direction of p H , which can be written as
where the scalar product is the usual scalar product in the three-dimensional space. This de"nition is consistent with Eq. (1) and generalizes Eq. (6).
Space average
The permeability measured on an isotropic composite is scalar. This is due to an average over all possible particle orientations inside the matrix. With the micromagnetic model, we "rst calculate the polarizability tensor of one representative particle, as described above, and then perform a space average to express permeability from the polarizability coe$cients along the di!erent space directions.
In the case of randomly oriented particles, the average polarizability in three-dimensional space " is the trace of operator :
The complex permeability is then de"ned from Eq. (8), valid in the low-concentration regime (C(30%). The imaginary part is
and can be compared to experiment. This result is used below, in the section concerning ferrite composites (where / is denoted ). In the case of a non-isotropic material, the space average must be adapted. Such a material can be a textured composite or a "lm. For example, the "lms with perpendicular anisotropy studied in Ref. [4] generate magnetic domains in the form of parallel stripes with a magnetization vector oriented alternatively along z or !z, z being the anisotropy direction perpendicular to the "lm's plane (x, y) (see Fig. 1a ). The alternate stripes group into well arranged regions with limited spatial extent. Considering a great number of such regions, randomly oriented with respect to each other in the (x, y) plane, and H lying in this plane, the average polarizability in two-dimensional space " is now:
The imaginary part of the "lm's permeability relative to vacuum is then
consistent with de"nition of Ref. [4] . This result is used below, in the section concerning domain modes in "lms.
Numerical simulations
The micromagnetic model described above has been implemented on computer, using speci"c numerical methods, and tested on two systems: domain modes in "lms and permeability of composites made of ferrite particles with planar anisotropy.
Discretization
Particles and regions of thin "lms are represented by a "nite magnetic volume, regularly meshed with cubic cells (i or j: cell index). The magnetization is uniform over each cell. mG I is the magnetization vector of cell i at instant t I . hH I is the average, instantaneous magnetic excitation, generated at cell j and instant t I by the entire magnetic con"guration +m, I . The con"gurations +m, I
and +h, I are 3N vectors with N, the number of cells of the three-dimensional mesh. Eq. (18) is discretized in the form of a matrix}vector product:
where h is the uniform harmonic external excitation by the electromagnetic wave. Due to the demagnetizing "eld which is non-local, C is a dense matrix of size 3N;3N. Its coe$cients are calculated as in Ref. [18] , except for an average of the demagnetizing "eld over the volume of the target cell (index j) where a Gaussian integration is performed [14] . This insures that !C is a correct discrete approximation of the continuous generalized demagnetizing operator N I .
The equilibrium con"guration is calculated by having a given initial con"guration +M , evolve in time according to equation Eq. (22) towards a stationary con"guration +M , with H "0. The time discretization of Eq. (22) follows the second-order explicit Taylor scheme:
with +m, [14] .
The polarizability corresponding to +M , is calculated from the solution of the linear dense system arising from discretization of Eq. (27)
To solve this system, we use a standard conjugate gradient iterative method with alternatively along x, y and z. By summing all components of + , in one direction (x, y or z), we end up with the 3;3 polarizability tensor de"ned by Eq. (29). The space average is then performed as described above to yield the permeability. This process is repeated for tens of frequencies to yield polarizability or permeability spectra.
Computer implementation
Both algorithms, equilibrium and polarizability, rest on dense matrix}vector products like Eq. (34) which normally involve handling of the order of N unknowns for a mesh of N cells. To perform simulations with N'1000, speci"c algorithms had to be developed.
In the case of a regular mesh, matrix C has a Toeplitz structure. Applying matrix C to any vector is equivalent to performing a convolution, which can be done by Fourier transform. This property greatly reduces the required number of operations and storage (proportional to N log N instead of N and N instead of N, respectively) [13] . At present, the three-dimensional Toeplitz matrix}vector product has been implemented to calculate both equilibrium and polarizability of rectangular prism-shaped particles. In all the cases tested (up to N"64&2;10 cells on a workstation), satisfactory convergence has been observed. With the largest meshes, the required number of iterations (equilibrium or polarizability spectrum) is of at least 1000, each with a duration of the order of 1 min. These performances could be increased (e.g. by parallel computing or sub-domain calculations).
Indeed, realistic simulations often require far above 10 cells. The usual meshing criteria in micromagnetics requires a few cells per domain wall width ((A/K). With typical material parameters, this width is of the order of 0.1 m. A typical polydomain particle size of 30;30;30 m leads to N'10. The calculations presented below have been performed with a coarser mesh: the aim was simply to test the model and show that the simulations yielded qualitatively correct results.
Domain modes in xlms
In magnetic "lms made of regions with alternate stripe domains (See Fig. 1a and the discussion in Section 3.3), the magnetostatic interaction between domains gives rise to domain modes in the microwave range. An analytical model of the response of such "lms, validated on experimental data, is given in Ref. [4] . Fig. 1 . Magnetization con"gurations used as initial conditions for numerical simulation with the micromagnetic model. In the case of a magnetic "lm with perpendicular anisotropy (a), the equilibrium magnetization is arranged in stripes whose width changes with "lm thickness; these stripes give rise to domain modes in the microwave range. In the case of a platelet-shaped particle with planar anisotropy (b), due to the exchange interaction, the particles physical size a!ects the equilibrium con"guration and the corresponding polarizability spectrum (shown are the two initial con"gurations used for numerical simulations).
Finite portions of "lm of increasing physical size (number of stripes) have been simulated using the micromagnetic model. According to Ref. [4] , a "lm with the following material parameters:
A"10\ J m\ and a thickness of 4.8 m generates stripes of width around 1.2 m. We "rst tried to reproduce numerically the equilibrium con"guration: in this case, the micromagnetics meshing criteria are particularly stringent, the wall thickness ((A/K&0.03 m) being much smaller than the stripe width. With a coarse mesh of one cell per stripe width, smooth stripes were obtained only with initial conditions close to this expected equilibrium con"guration. Large deviations from regular stripes in initial conditions or an increased number of cells (e.g., two cells per stripe width) leads to a checkered con"guration, which we interpret as a signature of the mesh coarseness. The calculations were restricted to one mesh size and one initial con"guration (see Fig. 1a ). The equilibrium con"guration was calculated for regions with up to 64 stripes. The corresponding mesh sizes were the following: The simulated equilibrium con"guration +M , is distorted on the edges, as illustrated in Fig. 2 .
The polarizability tensor of an increasing number of stripes at equilibrium was simulated for different values of ** . This tensor was found diagonal (on the entire frequency range, the o!-diagonal terms remained below 1% of the diagonal terms maximum) and the susceptibility was deduced using formulas (32) and (33). The results, compared to the analytical model (formula (9) of Ref. [4] ) are shown in Fig. 3 . For a large ** (case ** "0.16), the simulated spectrum has the right shape and amplitude, except for a shift towards high frequencies. This e!ect comes from the fact that the simulation is done for a "nite region, yielding a polarizability, while the analytical calculation is representative of the in"nite two-dimensional "lm, yielding a susceptibility: as expected, the simulated spectrum gets closer to the analytical spectrum as the "lm size increases. The shift of polarizability towards high frequencies with respect to susceptibility is qualitatively accounted for by formula (6) . For a small ** (case ** "0.04), the simulated spectrum is signi"cantly altered with respect to the analytical spectrum. However, the ** dependence of the resonance frequencies is the same with both models.
Hence, in spite of the mesh coarseness, our simulations based on the micromagnetic model account qualitatively for the behavior of domain modes in "lms and could give an insight into the "nite size e!ects in these systems.
Ferrite composites
The permeability spectrum of composites made of cobalt Z hexaferrite (Co Z) particles changes according to the average particle size in the composite [6] . This Co Z composition is known for its high permeability at high frequency [19] which stems from the planar anisotropy, constraining ᭣ Fig. 3 . Comparison of the micromagnetic model with an analytical model for domain modes in "lms. The microwave susceptibility spectra of "lms with perpendicular anisotropy have been calculated for di!erent values of the Landau}Lifshitz damping parameter ** . Imaginary part results are shown in the two upper plots ( ** "0.16 and 0.04; see text for material parameters): the dotted spectra correspond to simulations with the micromagnetic model ("nite portions of "lm as in Fig. 2 , of increasing physical size, i.e. number of stripes); the continuous spectra correspond to analytical calculations using formula (9) of Ref. [4] (valid for an in"nite sample). The simulated spectrum tends towards the analytical one as the simulated region extends; the analytical dependence of resonance frequencies with ** is also reproduced by simulation (see lower plot).
magnetization motion inside a crystalline plane. The particle size e!ect is observed for particle sizes R in the 10 m range. This critical size of 10 m corresponds to the width of #at hexagonal monocrystalline Co Z platelets of thickness &R/4. The hard axis is perpendicular to the platelet. Particles of size greater than 10 m are roughly isotropic aggregates of such platelets.
In order to describe the magnetic con"guration change with particle size, numerical simulations were performed on idealized square platelet shaped particles with di!erent physical sizes (width R"3.2 and 32 m; thickness R/4), using a coarse mesh as before. The following material parameters were considered for Co Z:
A"1.2;10\ J m\,
where K represents the "rst anisotropy term (purely uniaxial planar anisotropy). The anisotropy axis is along z and (x, y) is the easy plane. The simulated equilibrium con"gurations for two mesh sizes (N"32;32;8 or N"64;64; 16) and two initial con"gurations +M G , (uniform or vortex: see Fig. 1b ) are shown in Fig. 4 . In all four cases, the equilibrium magnetization lies in the (x, y) plane. All con"guration except one (upper left in Fig. 4 ) are clearly vortices: such con"gurations are well known in simulated three-dimensional "nite systems [20] or even in real mesoscopic structures [21] . Even if the mesh is too coarse to give all the details of the con"gurations, the di!erence between them lies mainly in the system's physical size: for the two initial conditions and mesh sizes, the con"guration grows more complex as the physical size increases from R"3.2 to 32 m.
The polarizability tensor corresponding to the two con"gurations with N"32;32;8 in Fig. 4 were simulated: as before, the tensor was found diagonal. The results are shown in Fig. 5 and compared to the conventional model, using formula (7) for and formula (4) of Ref. [3] for . The composite's permeability was deduced from these data, using formulas (30) and (31), and compared to experimental data. The results are shown in Fig. 6 . The micromagnetic model, unlike the conventional model, yields a stronger response at high frequency, which is closer to experiment. Moreover, it renders the double peak feature of the experimental spectra, in the correct frequency range. These two peaks appear in diagonal terms of the polarizability tensor (xx and yy in Fig. 5 ) which indicates that this is not a simple demagnetizing e!ect due to particle shape but rather, a signature of the non-uniformity of magnetization inside the particle. A better agreement between calculations and experiment in Fig. 6 would require a more realistic geometry than a square prism to model these hexagonal platelet particles.
Conclusion
The relevance of the micromagnetic model for microwave polarizability, presented in this article, has been shown through preliminary simulations. In the case of "lms with stripe domains, the results agree with an analytical model of domain modes. In the case of cobalt Z hexaferrite (Co Z) composites, the micromagnetic model accounts for some original features of the experimental permeability Fig. 5 . Comparison between the micromagnetic model and the conventional model for particle polarizability. The system is an hexaferrite (Co Z) particle. The polarizability tensor corresponding to the two N"32;32;8 con"gurations of Fig.  4 (R"3.2 and 32 m) have been simulated and compared to those calculated using the conventional model (with di!erent N to account for the particle's shape anisotropy along the three space directions). Only the imaginary part of the polarizability tensor diagonal terms are plotted (o!-diagonal terms are negligible). The micromagnetic model yields a stronger polarizability in the z-direction at a frequency higher than the conventional model, irrespective of N. Fig. 6 . Comparison between theory (conventional model or micromagnetic model) and experiment on a ferrite composite. The imaginary part of the permeability of a composite made of hexaferrite (Co Z) particles at C"30% volume fraction is plotted. The experimental spectra (exp) are reproduced from Ref. [6] : they have been obtained for di!erent mean particle sizes (R(25 m and 50 m(R(100 m). The theoretical spectra (th) in the upper plot has been calculated with the conventional model, for di!erent particle aspect ratios: this model does not account for the double peak feature and for the high frequency response. The spectra simulated for a platelet-shaped particle with planar anisotropy, using the micromagnetic model, are qualitatively closer to experiment: this model yields a stronger response at high frequency, the double peak feature and a change of the spectra with particle size. spectra that are not accounted for by the conventional model.
Beyond these qualitative results, the capacity of numerical simulations should be increased to larger number of cells in order to satisfy the usual meshing requirement in micromagnetics and verify the e!ect of initial conditions on the simulated susceptibility spectrum. Finally, a quantitative agreement of simulations with experiment requires also the ability to simulate complex particle shapes.
